The number of computational cells assigned to a small bubble is liable to be small in a volume tracking simulation of a poly-dispersed bubbly flow. The volume tracking method is, therefore, expected to at least give qualitatively reasonable predictions of bubble motion without assigning many cells. In this study, bubble motions in stagnant water and shear flows are simulated with low spatial resolutions using a volume tracking method proposed in our previous study. As a result, we confirm that (1) the method can yield correct characteristics of rising velocity and lateral motion of bubbles, and (2) the bubble volume and interface sharpness are kept well even after a bubble had experienced a large deformation in a strong shear flow.
Introduction
The volume tracking method (1) has been used for simulating two-phase flows. In the method, time evolution of an interface is calculated by solving the advection equation of cell-averaged volume fraction using an interface reconstruction scheme. The Donor-Acceptor (DA) scheme adopted in the original Volume of Fluid (VOF) method (1) is known to cause the diffusion of an interface and change in fluid volume (2) . Many schemes have, therefore, been proposed to reduce the errors (3)- (5) . The authors have also developed an interface reconstruction scheme, the non-uniform subcell scheme (NSS) (6) , (7) . We have confirmed that NSS gives good predictions for single air bubbles (6) and single drops (7) in stagnant liquids without interface diffusion and volume change, provided that a number of computational cells, about more than 12 cells, are assigned to their diameters. In a volume tracking simulation of a fluid particle, the following number, d*, of cells assigned to its sphere-volume equivalent diameter, d e , can be used as an indicator of spatial resolution:
where ∆x is the cell size. When we carry out a volume tracking simulation of a bubbly flow consisting of large and small bubbles, we may be able to assign a number of cells to a large bubble but not to a small bubble. Yoshida et al. (8) have simulated a large bubble rising through stagnant water in a two by two rod bundle using a volume tracking scheme (9) . They obtained good prediction of bubble velocity (10) with a spatial resolution of d*=63. In their simulation small bubbles were spontaneously generated by the breakup of the large bubble. However, the validity of the predicted motions of small bubbles was not discussed. When many large bubbles are present in a poly-dispersed bubbly flow, small bubbles may not play an important role in the flow characteristics. In such a case only a qualitatively reasonable prediction of small bubble motion and the preservation of a sharp interface are to be required. We, therefore, carry out volume tracking simulations using NSS (6) with a low spatial resolution. Bubbles rising through stagnant water and those flowing in linear shear flows are simulated to examine whether or not we can obtain qualitatively reasonable predictions for terminal velocities and lateral motions of bubbles. Then bubbles in a strong shear flow induced by an obstacle are calculated to investigate whether or not bubble volume and interface sharpness are kept.
Numerical method

Basic equations
The following mass and momentum conservation equations based on one-field formulation for an incompressible two-phase flow are solved (1) , (11) :
where u is the velocity, ρ the density, t the time, p the pressure, g the acceleration of gravity and F σ the surface tension force. The viscous stress tensor τ is given by
where µ is the viscosity and the superscript T the transpose. The density ρ and viscosity µ are given by
where α is the cell-averaged liquid volume fraction and the subscripts G and L are the gas and liquid phases, respectively. The computational cell is filled with liquid when α = 1, and with gas when α = 0. A cell with 0 < α < 1 contains an interface. The surface tension force F σ is evaluated by using the continuum surface force (CSF) model (12) .
The interface motion is calculated by solving the advection equation of α:
As shown in Fig. 1 , we use the staggered variable arrangement, in which the velocity components are located at the cell faces whereas the pressure and volume fraction are located at the cell center. In the figure, the indices I, J and K are the cell numbers in the x, y, and z directions, respectively. The ∆x, ∆y and ∆z are the cell widths, and u, v and w are the velocity components in the x, y and z directions, respectively.
Non-uniform subcell scheme
The second term in the left-hand side of Eq. (7), the advection term, should be accurately evaluated to obtain good predictions. In our previous study (6) , (7) , we proposed an accurate volume tracking scheme called the non-uniform subcell scheme (NSS). In NSS, the second term is calculated by taking into account the interface location in an interface cell. The interface location is easily determined by making use of subcells which are temporally introduced into the interface cell. The outline of NSS is described in the following.
Let us consider a cell (I, J, K) containing an interface as shown in Fig. 2 (a) . The fluid volume transferred to the neighboring cell through the right-side cell face during a time step ∆t is given by u∆t∆y∆z. The cell (I, J, K) is divided into the transferred and non-transferred regions ( Fig. 2 (b) ). Then temporal rectangular subcells are introduced in each region as shown in Fig. 2 (c) , in which N and L are the numbers of subcells in the transferred and non-transferred regions, respectively.
The interface is represented as a slant plane, and the interface location is specified by a distance function φ int as shown in Fig. 2 (d) , in which n is the normal vector to the interface and is given by n = ∇α/|∇α|. The φ int should satisfy the following condition with respect to the liquid volume in the cell (I, J, K): 
where θ m is the subcell volume and d k the distance vector directing from the cell center to the kth vertex of the subcell m (Fig. 3) . The superscript k takes an integer value from 1 to 8. The superscript k in d k is numbered so as to satisfy the condition; d k . n < d k+1 . n. Equations (8) and (9) are solved for φ int using the Brent's method (13) , (14) .
The amount of liquid volume transferred to the neighboring cell is given by
The central difference scheme is used for the right-hand side of Eq. (7). Interface reconstruction using slant plane
Verification of NSS
Two kinds of simulations, a two-dimensional dam-break problem and single drops in stagnant liquids will be given in this section to demonstrate the accuracy of NSS.
Dam-break problem
As shown in Fig. 4 the initial width L 0 and height H 0 of the liquid column were 28.6 and 57.2 mm, respectively. The fluid properties of the liquid column and the surrounding fluid were those for water and air. The computational cells were square and their widths were 1.2 mm. The time step ∆t was 0.01 ms and g was 9.8 m/s 2 . Figures 5 (a) and (b) show the motion of the liquid column and the change in the
The experimental data obtained by Martin and Moyce (15) are also plotted in Fig. 5 (b) . Good agreement is obtained. Wave front celerity
Single drops rising through stagnant liquids
Volume tracking simulations of single drops rising through stagnant liquids (7) were conducted under a wide range of conditions by varying the values of three dimensionless numbers, the Eötvös number Eo, Morton number M and viscosity ratio µ*. They are defined by 
Here V T is the terminal velocity. Predicted drop shapes and Re d agree well with measured data (16) under a wide range of Eo, M and µ*. Predicted and measured drop Reynolds numbers
Volume tracking simulations with low spatial resolutions
We examined whether or not NSS gave qualitatively reasonable predictions for bubble motions even with a low spatial resolution. As shown in Table 1 , we used the fluid properties of saturated steam and water at 6.9 MPa, corresponding to the nominal operating condition of a Boiling Water Reactor (BWR). Table 1 Fluid properties (water-steam system at P = 6.9 MPa and T = 559 K) 
Single bubbles rising through stagnant water
Effects of spatial resolution on predicted terminal velocities V T of single bubbles rising through stagnant water in vertical ducts were examined. Bubble diameters d e tested were 2, 3 and 4 mm. The dimensions of the computational domain were 1.5d e , 1.5d e and 14d e in the x, y and z directions, respectively. We assumed that bubbles rose rectilinearly and took symmetric shapes, so that only a quarter of the duct shown in Fig. 8 was calculated. Uniform cubic cells were used. The time step ∆t was 0.01 ms. Figure 9 shows the effects of d* on predicted bubble velocity. The velocities are normalized by those at d* = 24. The velocities for d* = 16 and 20 are equal to those for d* = 24. In the case of d* = 12, the underestimation of the terminal velocities is less than 10%. The underestimation for d e = 2 mm is the largest among the three bubbles, and is less than 30% even at d* = 4.
Hence, NSS can give qualitatively reasonable prediction of bubble velocity even with a low spatial resolution. Terminal velocity of bubble for different d*
Lift force acting on bubble in shear flow
The lift force acting on a bubble (17) is given by
where C L is the lift coefficient, u B the bubble velocity and u L the liquid velocity. It was reported that C L for a bubble flowing in a linear shear flow takes a positive value when Eo is lower than a critical value Eo C , while it takes a negative value when Eo > Eo C (18) , (19) . This tendency should be, at least, qualitatively simulated even with a low spatial resolution. Hence, single bubbles in linear shear flows were simulated with the low spatial resolution, d* = 6. The computational domain is shown in Fig. 10 . The dimensions L x , L y and L z of the domain were 6d e , 4d e and 40d e in the x, y and z directions, respectively. The left wall was no-slip, and the right boundary moved upward at a constant speed w wall . The continuous outflow condition was used for the top boundary, and a linear shear flow was specified at the bottom. The front and rear walls were slip walls. The computational conditions were summarized in Table 2 , in which (∂w L /∂x) z=0 is the liquid velocity gradient in the x direction defined by Single bubble in linear shear flow Predicted lift coefficient Figure 11 shows the predicted bubble motions. When Eo is small (Eo = 1.56), the bubble does not deform so much and moves toward the left wall. On the other hand, the bubbles of larger Eo (Eo = 3.51, 6.24) strongly deform and move toward the right wall. The values of C L are calculated by substituting the predicted bubble paths into the equation of bubble motion (19) . The obtained C L is shown in Fig. 12 . The C L is positive for Eo = 1.56, and becomes negative as Eo increases. This result confirms that NSS gives qualitatively reasonable predictions for the effect of Eo on C L even with a low spatial resolution.
Bubbles flowing in a shear flow about an obstacle
The liquid velocity gradient may increase near a spacer in a BWR fuel rod bundle. Bubbles flowing near the spacer may strongly deform due to the sudden increase in velocity gradient. When we simulate a bubbly flow about the spacer, the interface sharpness of a bubble has to be maintained and the bubble volume must be conserved. Bubbles flowing in a shear flow about a block were, therefore, calculated with d* = 6 to examine performance of NSS in terms of interface sharpness and volume conservation. Figure 13 shows the computational domain. A solid block was placed in the middle of the domain. The dimensions of the domain were 12, 12 and 48 mm, and the numbers of cells were 36, 36 and 120 in the x, y and z directions, respectively. The cell sizes were ∆x = ∆y = 1/3 mm and ∆z = 0.4 mm. The boundary conditions were the same as those in the simulation shown in section 3.2. The speed of the moving wall w wall was 1.6 m/s and the velocity gradient (∂w L /∂x) z=0 was 133 s −1 . Ten spherical bubbles of d e = 2 mm were placed at t = 0 s as shown in Fig. 14 (a) . Figure 14 (a) shows the predicted flow patterns. All the bubbles strongly deform due to the shear flow. However, the maximum error in bubble volume is 0.17% when a bubble reaches the top boundary (t = 14 ms). The predicted shape of the bubble A and the distributions of α around the bubble are shown in Fig. 15 . The interface sharpness is kept even after the large deformation caused by the sudden change in velocity gradient near the obstacle. Flow patterns predicted by using the DA scheme (1) is shown in Fig. 14 (b) . The error in bubble volume is as much as 4.74% at t = 14 ms and numerical diffusion of interface is large. Thus we have confirmed that NSS has good performance on volume conservation and interface sharpness. Distribution of α around a bubble
Conclusions
Numerical simulations of bubbles in stagnant water and shear flows are carried out with a low spatial resolution using a volume tracking method, NSS, to examine its performance at a low spatial resolution. As a result, the following conclusions are obtained: (1) the method can give qualitatively reasonable predictions for terminal velocity and lateral motion of bubbles even with a low spatial resolution, and (2) the method has good performance on volume conservation and interface sharpness.
